Two types of high-index coated lensed fibers are numerically investigated for optical coupling from Si-based nanowire waveguides to the lensed fibers. One is with a layer of high-index film coated on tip of conventional lensed single-mode fiber (SMF) and the other is with an additional coreless fiber section inserted in between. The simulation results show that, for nanowires with mode size diameters ranging from 0.6 µm to 1.3 µm, the coupling efficiency as high as 80% can be obtained with the former type of fiber when the radius of curvature is around 10 µm and coated with a 5-10 µm thick high-index film. As for the latter design of fiber, an improved working distance is calculated to be as long as 36.8 µm by inserting a coreless fiber section. Both high-index coating lensed SMF designs show potential application for coupling with Si-based nanophotonics.
INTRODUCTION
Silicon-based nanophotonic waveguides may enable the realization of high-density photonic integrated circuits due to unique properties of the extremely high refractive index contrast. Designs like sharp waveguide bends with radii of only a few microns have been reported on silicon nanowires based on silicon-on-insulator (SOI) [1] . However, such a high index contrast can result in a large mode size mismatch between the fundamental mode of the Si nanowire waveguides and that of the single mode fiber (SMF), which are a few hundred nanometers and ten micrometers, respectively; it then leads to a high coupling loss. Hence, the fiber coupling for Si-based photonic nanowire waveguides is a key technology to enable practical nano-Si photonics applications. Up to date, researchers have proposed several designs to enhance the coupling, such as grating couplers [1] - [3] , spot size converters (SSCs) [4] , and polymer-tipped optical fibers [5] . In addition, Shiraishi et al. [6] have recently reported a new scheme to reduce the spot size of a fiber by coating the highindex hydrated amorphous silicon (a-Si:H) material on the tip of conventional lensed SMF, which was theoretically analyzed by employing the two-dimensional finite-difference time-domain (2D-FDTD) calculation method and experimentally evaluated. Usage of a high-index coating has shown to enhance the focusing effect and to increase the numerical aperture (NA) of the lensed SMF up to ≈ 0.95, so that a higher coupling efficiency is believed to be obtained for fiber coupling with nanowire waveguides.
Even though the FDTD method may give better accuracy for coupling performance calculations, the large demands of computation capacity and time are often undesirable. In this paper, we present a different numerical analysis method using Gaussian approximation in which the mode profile variations through media like the high-index coating layer and coreless fiber section are calculated via ABCD matrix [7] - [11] . To approximate the circumstance of lensed fiber with coating layers, a two-lens system is adopted in our analysis. Based on this concept, we establish and deduce the mathematical equations in Section 2 to model the case of coupling from Si-based nanowire waveguides with very small optical mode sizes (< 1 µm) to high-index coating lensed SMF. The simulated results can provide a guideline for fiber coupling with Si nanophotonic devices. In Section 3, we further apply our analysis method to investigate a novel structure of a high-index coating lensed SMF with a coreless fiber section for improved coupling performances. Finally, the conclusion of this work is presented in Section 4.
HIGH INDEX COATING LENSED FIBER

Numerical analysis
Our coupling design of Si-nanowire waveguide to high-index coated lensed SMF and the notations of physical parameters are shown schematically in Figure 1 . The mode sizes of the waveguide and SMF are designated as ω 0w(x,y) and ω 0 f , respectively. The high-index coating material is characterized by the film thickness, T c , and the refractive index, n c , which is larger than the refractive index of the fiber core (n core = 1.45) and that of air (n air = 1). Considering an ideal optical propagation with Gaussian profile for the fundamental mode emitting from the waveguide facet, its radius of curvature of the wavefront, r w , and the mode size, ω w , along the propagation distance can be expressed by
where k = 2π/λ denotes the wave number, λ is the wavelength in free space, and z is the propagation distance from the waveguide facet and is also designated as the working distance when evaluating the coupling efficiency.
In general, the coupling efficiency between two optical fields E 1 (x, y) and E 2 (x, y) is defined as
Here, we choose the interface at the tip of coating lensed fiber (in contact with air) as the reference plane to calculate the mode overlap integral. The optical coupling efficiency is then defined as the overlap integral of the optical field at this reference plane for light with fundamental mode coming from the waveguide, ψ w and the fiber optical field at the end of coating lens ψ f . The subscripts w and f represent the waveguide and fiber, respectively. Therefore, Eq. (3) can be rewritten as
where Q is the transfer function of the focusing lens and is related to the focal length, f , given by
In a system with radial coordinate, the x and y can be replaced by ρ = x 2 + y 2 . Therefore, we can rewrite ψ w and ψ f approximately as ψ w = exp(−ρ 2 /ω 2 w ) and ψ f = exp(−ρ 2 /ω 2 f ), where ω w and ω f represent the fundamental mode sizes at the reference plane for lights coming from fiber and nanowire waveguide, respectively. Moreover, by introducing a phase factor term [9] , exp(2iπL/λ), Eq. (4) can be rewritten as
where t is the transmission coefficient and L is the parameter representing the phase error. It should be noticed that the actual mode from a nanowire waveguide is not symmetric (ω 0wx = ω 0wy ), so the coupling efficiency can be calculated with η = η x η y .
Furthermore, the optical propagation from a lensed SMF through a coating layer can be approached as a two-lens system. With implementation of the thick-lens approximation [7] , the phase error (L) and the corresponding characteristic ABCD matrix are expressed as
A B C D
where f coating and f f are the focal lengths of curved coating layer and lensed SMF, respectively, and are expressed as f coating = R 2 /(n c − 1) and f f = Rn c /(n core − n c ). The R 2 and R are radii of the coating layer and the lensed tip, respectively. T c and T f represent the thickness of the coating layer and the lensed tip of the fiber; in which, we assume T f = 0 for simplicity. For the case of a cleaved-facet fiber, the focal length and the lens axial radius should be infinite. In our modelled coupling system, the focal length of two combined lens, f , and the fiber mode size at reference plane (tip of coating lensed fiber) can be written as
In a real lens system, the phase error term always exists. However, an lens system with shorter focal length, such as this type of lensed SMF coated with a high-index layer, the phase error can be minimized or nearly zero when r f = f [9] . Later in Section 3, we will show that, the coupling efficiency varies more visibly with phase error at a longer focal length. Therefore, the coupling efficiency is found to be maximum here by minimizing the phase error. Additionally, we assume that the transmission coefficient, t, goes to unity because the reflection coefficient can be as low as 0.5% with the help of sandwiched antireflection coatings on the high index layer [6] for practical applications. As for the propagation loss within coating layer section, it is estimated to be less than 0.2 dB, which is a typical value for thin film filters with thicknesses of 25 µm [12] . As the thickness distribution of the coating layer is not perfectly uniform, we assume that R 2 = R + T c × 25% [6] .
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Simulation results and discussion
First, we evaluate the coupling efficiency, working distance, and alignment tolerance for designing the high-index coating lensed SMF when considering fiber coupling with nanowire waveguides. In the following simulations, the mode field diameters (MFD = 2 × ω 0w ) of nanowire waveguide are set to 2ω 0wx = 2ω 0wy = 0.70 µm and the MFD of SMF (2ω 0 f ) is 10.4 µm, corresponding to an acceptance angle, θ, of ±5.4 • using ω 0(w, f ) = λ/(πθ (w, f ) ) [8] when λ = 1.55 µm. The investigated range for the radius of curvature of the lenses is between 5 µm to 20 µm. The refractive index and thickness of the coating material vary from 3 to 4, and 2.5 µm to 10 µm, respectively. Figure 2 shows the calculated coupling efficiency of nanowire waveguide to high-index coating lensed SMF, conventional lensed SMF, and cleaved SMF as a function of the working distance using our modeling method. The conventional lensed SMF is known to be more suitable for coupling compared to cleaved SMF because of a lower coupling loss; however, its coupling efficiency is often limited to less than 10% (R = 10 µm) even at the optimized working distance. Using the high-index intermediate layer, the focusing effect can be highly enhanced. Hence the coupling efficiency increases and is found to be as high as 80% when using the coating lensed SMF (T c = 10 µm, n c = 3.7, and R = 10 µm) at a 5.2 µm working distance.
For further study, we analyze the relations among various coating layer thickness, T c , coating layer index, n c , and radius of curvature of tip lens, R, as shown in Figure 3 . For R = 10 µm and 20 µm, the coupling efficiency increases approximately linearly with n c . Unlike the case of R = 5 µm, the coupling efficiency decreases when n c varies from 3 to 4 and a thinner coating layer is favored as well to obtain a higher coupling efficiency.
During the aligning and assembly process, the working distance must be considered for the design of lensed fibers since the facet of a nanowire waveguide structure could be damaged if the working distance is too short. To avoid damage of the nanowire waveguide facet, the working distance should be a few micrometers at a minimum. Figure 4 shows the working distance as a function of the coating layer thickness, index, and the radius of curvature of tip lens. From the figure, the variation of working distance is not sensitive to the change with coating layer thickness. Generally, the working distance increases with decreasing the coating layer index and increasing the radius of curvature of tip lens. Within our investigation range with coupling efficiency higher than 80% (see Figure 3) for R = 5 µm and 10 µm, the working distance is about 2.8 µm to 6.2 µm. The simulation results are summarized in Table 1 . To investigate the alignment tolerance of fiber coupling in the lateral plane, we simulated the coupling efficiency as a function of lateral position for various parameters of lens curvature and coating materials, as shown in Figure 5 . Generally, there is a tradeoff when using lensed SMF; the coupling efficiency can be higher, but simultaneously the lateral tolerance is reduced. Compared with conventional lensed SMF, the lateral tolerances of coated ones are tighter in the range of R = 5 µm to 20 µm, while larger lens radius fibers have a slightly larger tolerance. However, the lateral tolerance difference between R = 5 µm and R = 20 µm is less than ±300 nm at full width half maximum (FWHM). This shows that the lateral tolerance can be slightly improved by altering parameters such as the radius of curvature of the lensed fibers. In addition, for our investigated coating lensed SMF, coupling efficiency as high as 80% can be found for angular tolerances in the range of 2 • to 2.3 • . The angular tolerance of high index coating SMF is slightly larger than that of conventional lensed SMF and is not sensitive to the coating layer thickness as shown in the inset of Figure 5 .
Conditions
Based on the above numerical analysis, we have designed high-index coating lensed SMF with appropriate parameters of lens curvature and coating index and thickness for nanowire waveguide coupling. We here consider the cases when the coating layer thickness is 5 µm or 10 µm with an index of 3.7, which is assumed to be a-Si:H material, as reported in [6] . The coupling efficiency with various MFD of nanowire waveguides was calculated, as shown in Figure 6 . For a high coupling efficiency (> 80%), the radius of curvature of 10 µm can be used for coupling to mode field diameters ranging from 0.6 µm to 1.3 µm with working distances of 2 µm to 5 µm.
To further validate our numerical modelling analysis based on Gaussian beam and two-lens system approximation, we compared the values of working distance of high-index coating SMF and its coupling efficiency to nanowire waveguide calculated using our method and the 2D-FDTD method reported by Shiraishi et al. [6] . As our method presented in this paper is established for the case of semi-circular lens, the radius of curvature lens is then chosen appropriately as 10.5 µm in order to fit (cf. the range of −4 µm to 4 µm in core size) the investigated curved lens [6] where the curvature radius and conic constant are 10 µm and −2, respectively. Other parameters such as the MFD of SMF, the fiber core diameter, and the fiber core index are considered to be 10.4 µm, 8.3 µm, and 1.45 respectively, in both cases. The simulation results show that the working distance is 5.5 µm using our method and 5.6 µm using 2D-FDTD. When we further consider the coupling between high-index coating SMF and nanowire waveguide with 1.4 µm wide MFD, the calculated coupling efficiencies of our case and [6] are estimated to be 91% and 87%, respectively. Based on above comparison, the simulation deviation is not explicit between two methods within this investigation range; however, the calculated beam profile at focal plane contains side lobes with 2D-FDTD method, which may attribute to a slightly lower coupling efficiency value when compared to our calculation.
ENHANCED LENSED FIBER DESIGN
Numerical analysis
In Section 2, we demonstrated a numerical analysis method which can be used to calculate coupling performances and presented especially the case of fiber coupling from nanowire waveguides to high-index coating lensed SMF. With this scheme, a coupling efficiency higher than 80% can be obtained when properly designing fiber parameters. However, its short working distance may limit the application on nanophotonics. To further improve the working distance, we propose here another fiber design and evaluate the coupling performances using our developed numerical analysis based on Gaussian beam and two-lens system approximation.
The proposed lensed fiber consists of a SMF, a coreless fiber section, and a high index layer coated on the tip, as shown in the inset of Figure 7 . The scheme can be easily fabricated by fusion splicing between the coreless and SMF sections. After fusion splicing, the lensed tip can be formed by electrical discharge on the cleaved end facet of the coreless fiber and then high index silicon would be deposited on the tip. The radius of curvature of the lensed tip by electrical discharge (R g ) is usually in the range of 60 µm to 80 µm. By modifying the equations presented in Section 2, the characteristic ABCD matrix of this high-index coating SMF with a coreless section design can be expressed as
where f coating , f g , and f f are the focal lengths of curved coating layer, curved coreless section, and SMF, respectively, and are expressed as f coating = R 3 /(n c − 1), f g = R g n c /(n g − n c ), and f f = Rn g /(n core − n g ). The length of a coreless fiber section is indicated as L g . Here, we consider the case of n core = 1.45, n g = 1.5, T f = 0 (as a thin lens), R = ∞ (as a cleaved facet), and R 3 = R f + T c . It should be noted that the phase error term can not be ideally small here due to a longer focal length by the large radius of curvature of the lensed tip, which means r f = f . Therefore, the spot size and wavefront of the lensed fiber are expressed as
When the light exits from the SMF core, it enters first the coreless fiber section and its beam diameter is expanded. As the beam further propagates, part of the beam hits the air-glass interface and reflects back into the coreless fiber; therefore, multimode interference patterns can be generated. To minimize the multimode interference, we choose the length of coreless fiber section as short as 900 µm for the coreless fiber diameter of 125 µm in this calculation.
Simulation results and discussion
In Figure 7 , we show the comparison of coupling efficiency with respect to working distance for three different lensed fiber designs including our proposed high index coating lensed SMF with a coreless fiber tip, the lensed SMF with high index coating [6] , and the non-coating lensed SMF with a coreless tip [13] . For the coated fibers, we considered the case with a coating thickness of 10 µm and a coating layer index of 3.7, which is assumed to be a-Si:H. Generally, the high index coating lensed SMFs show good coupling efficiency characteristic, as high as 80%, however the working distance is less than 5 µm. In the case of a non-coating lensed SMF with a coreless tip, the working distance can increase to ∼ 160 µm with a theoretical coupling loss value of ∼ 7 dB. Usually, a long working distance is preferred in order to avoid damaging the nanowire facet during assembling or alignment. Nevertheless, the mode size of the nanowire waveguide at ∼ 160 µm working distance is larger than the fiber diameter (125 µm wide) due to diffraction when the beam arrives at the fiber tip; the coupling loss thus increases because of over-expanded mode size. If we now consider only the coupling limitations coming from the beam divergence angle, the working distance must be shorter than 45 µm when 2ω 0w(x,y) = 0.7 µm. From the simulated results, our design of high index coating SMF with coreless fiber section actually shows a working distance of 36.8 µm with a coupling loss less than 0.5 dB. In Figure 7 , we present as well the coupling efficiency differences when calculations are done with considering ideal (L is nearly zero) and non-ideal phase error terms. For a longer working distance, the phase error term may not be small and it would lead to incorrect coupling efficiency calculation results. In short working distance, the coupling efficiency is calculated to be slightly higher, however, in the case of non-coating lensed SMF with a coreless tip, there is 2 dB difference when applying two different phase error terms. Figure 8 shows the coupling loss as a function of working distance while varying the length of the coreless fiber section (L g ). We can observe that the longitudinal tolerance is inversely proportional to the length of the coreless fiber section. For example, the 1 dB longitudinal tolerance is 2 µm when L g = 300 µm and it decreases to ∼ 0.7 µm when L g = 800 µm. This means that there is a tradeoff between the coupling loss and longitudinal tolerance when choosing the length of coreless fiber section. Our optimized design predicts a coupling loss of nearly 0 dB with a working distance of 36.8 µm for 800 µm long coreless fiber section. This proposed coreless lensed fiber with hight index coating can compensate the drawbacks of short working distance and low coupling efficiency of two other types of lensed SMF discussed above.
CONCLUSION
In this paper, we present a nanowire waveguide coupling to high-index coating lensed single mode fibers using an alternative numerical analysis of mode overlap integral method based on Gaussian beam and two-lens approximation. For practical use with coupling efficiency higher than 80%, the lensed SMF with radius of curvature of 10 µm and coated with 10 µm thick high-index material can be used to couple waveguides with 0.6 µm to 1.3 µm wide mode size diameters. Furthermore, by inserting an additional coreless fiber section into the high-index coating lensed SMF, the working distance can be further improved. For a Si-nanowire waveguide with 0.7 µm wide mode size diameter, our numerical simulations show that the coupling loss can be as low as 0.5 dB with a long working distance of 36.8 µm when using the optimized structure in which the coreless fiber section has a radius of curvature of 60 µm, a length of 800 µm, and coated with a
